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Abstract
Classical measurement strategies in many areas are ap-
proaching their maximum resolution and sensitivity lev-
els, but these levels often still fall far short of the ulti-
mate limits allowed by the laws of physics. To go further,
strategies must be adopted that take into account the
quantum nature of the probe particles and that optimize
their quantum states for the desired application. Here
we review some of these approaches, in which quantum
entanglement, the orbital angular momentum of single
photons, and quantum interferometry are used to pro-
duce optical measurements beyond the classical limit.
I. INTRODUCTION
In the search for greater sensitivity and resolution in
measuring and sensing applications, there are fundamen-
tal limits imposed by the laws of physics. In order to
reach these limits, it has become clear that it is ulti-
mately necessary to take into account the fundamentally
quantum mechanical nature of both the system being
measured and of the devices that are used to measure
them. The goal of this review is to give an introduction
to some of the ideas needed in order to continue pushing
measurement capabilities of future devices toward their
ultimate capacity.
In imaging applications, it has long been common lore
that the Abbe´ limit prevents an optical system from re-
solving features smaller than the wavelength of the illu-
minating light. However, it has been recognized in recent
years that there are loopholes in the Abbe´ limit that
allow so-called super-resolution, the resolution of sub-
wavelength-sized features [1, 2]. This can be done by
using (i) spatially-structured light and (ii) nonlinear in-
teractions between the light and the object. The spatial
structure means that the wavefronts have some nontrivial
set of spatial frequencies, which in a sense combine with
the light’s intrinsic wavelength to produce a smaller ef-
fective wavelength, thus allowing the resolving of smaller
features. To detect this structure, some nonlinear in-
teraction is utilized, such as the two-photon absorption
processes commonly used in microscopy.
Similar ”super-resolution” or ”super-sensitivity” ef-
fects also occur in other measurement and sensing con-
texts outside of the realm of imaging, and these effects
are often associated with purely quantum mechanical
phenomena such as entanglement. Entanglement occurs
when a composite system, made of two or more subsys-
tems, is described by a single quantum state for the en-
tire system, in such a way that it cannot be divided into
separate well-defined substates for the individual subsys-
tems. (See the appendix for a more precise definition
of entanglement.) In this review, we give a short de-
scription of some of these quantum-based super-resolving
effects in areas other than standard imaging. Specifi-
cally, we will focus on the use of non-classical optical
states to measure quantities related to phase, angular
and rotational variables, and dispersive properties. We
will see that in each of these cases the use of quantum-
based methods allows more precise measurements than
is possible through purely classical means. For example,
entangled pairs of photons can carry out phase measure-
ments that violate the so-called standard quantum limit
(see the next section). In many of these cases, quan-
tum entanglement can be seen as a resource that may be
used to carry out practical tasks, a viewpoint is common
in the quantum computation and quantum information
communities, but is not as widely recognized in other ar-
eas. The improved resolution and sensitivity that can be
obtained from an N -photon entangled state can be seen
as being due to the fact that the set of photons (each
of wavelength λ) can be treated as a single object (es-
sentially a small Bose-Einstein condensate) with a single
joint de Broglie wavelength λ√
N
[3–8]. In this way, the
true quantum-mechanical limit, the Heisenberg limit, can
be be reached.
By optimizing the detection method for a given mea-
surement, the weaker standard quantum limit can be
achieved, but to reach the stronger Heisenberg limit, it
is necessary to optimize the probe state as well [9] and
tailor its properties to the desired measurement; this is
where entanglement generally enters the picture. The
comparison to super-resolution imaging also holds here:
the Abbe´ limit can be reached by optimizing the detec-
tion system (large-aperture lenses, high resolution detec-
tors, etc.), but to exceed the limit it is necessary to also
optimize the illuminating light (the probe state) by intro-
ducing appropriate spatial structure. As in the imaging
case, nonlinear processes are also involved in non-imaging
quantum sensing applications as well: nonlinear interac-
tions in solids (spontaneous parametric down conversion
[10] in nonlinear crystals) are commonly used to prepare
the entangled probe state, and the detection process itself
typically involves coincidence counting or other forms of
multiphoton detection: such methods are essentially non-
linear since the signals from several photons are multi-
plied for each detection event. In particular, two-detector
coincidence counting is often used, which measures the
2second-order (intensity-intensity) correlations of a sys-
tem, as opposed to the first-order (amplitude-amplitude)
correlations measured in classical interferometry. Many
purely quantum mechanical effects that are invisible to
classical interferometry show up in the second-order cor-
relations [11, 12]. In addition, interference effects in such
measurements have a maximum visibility of 1√
2
≈ 71%
for classical states of light [13, 14], whereas entangled
states can have visibilities approaching 100%.
A review of the more strictly technological aspects of
quantum sensing, such as the development of on-chip
photon sources and interferometers can be found in [15],
and various other aspects of quantum metrology have
previously been reviewed in [9, 16–18]. Here we con-
centrate on the physical ideas and some specific applica-
tions. The main ingredients in all of these applications
are (i) entanglement, (ii) using states tailored to optimize
the given measurement, and (iii) coincidence counting or
intensity-intensity correlations. Although most of the ap-
plications in this area are still confined to the lab, some
have begun to make steps toward real-world use. As one
example, some of the methods described here have re-
cently been used to measure the polarization mode dis-
persion of a switching unit in a fiber optics communica-
tion network [19, 20]; the resulting measurement had un-
certainties of 0.1 fs for group delay and 2 attoseconds for
phase delay, which is orders of magnitude smaller than
the uncertainties present in previous classical measure-
ment strategies.
One note on terminology: super-resolution is taken
to mean producing interference patterns that oscillate
on smaller scales than expected classically, while super-
sensitivity means reducing the uncertainty in a measured
variable below its classical value. The two effects often
go hand-in-hand.
A very brief summary of the necessary quantum me-
chanical background is given in the appendix.
II. PHASE ESTIMATION, ENTANGLEMENT,
AND QUANTUM LIMITS
We consider phase measurements first [17, 21], and ask
what fundamental limit does quantum mechanics place
on our ability to measure them? The question is mud-
dled a bit by the following problem. In quantum mechan-
ics, physical variables are represented by operators (see
the appendix), and we would expect the photon number
operator Nˆ and the phase operator φˆ to be canonically
conjugate operators, with their commutator leading to
an uncertainty relation that defines the ultimate physi-
cal limit on measurements. However, it has been known
since at least the 1960’s that it is impossible to define
a unitary operator êiφ, or equivalently a Hermitian op-
erator φˆ, that gives the correct canonical commutation
relations. There is a large literature discussing this prob-
lem [22–34], and there are several possible resolutions to
it. Here we will simply follow the most common path and
make use of the non-Hermitian Susskind-Glogower (SG)
operator [22]
Sˆ = êiφ =
∞∑
n=0
|n〉〈n+1| = aˆNˆ−1/2 = (Nˆ +1)−1/2aˆ, (1)
where, aˆ, Nˆ , and |n〉 are, respectively, the photon an-
nihilation operator, the photon number operator, and
the Fock state of photon number n. The eigenstates of
Sˆ are |φ〉 = ∑∞n=0 einφ|n〉. The corresponding eigen-
value relation is given by Sˆ|φ〉 = eiφ|φ〉, where φ is
the phase of the state (up to some unobservable over-
all reference phase). To get a Hermitian (and there-
fore physically measurable) operator, we can add Sˆ to
its Hermitian conjugate to form the new operator Aˆ =∑∞
n=0 (|n〉〈n+ 1|+ |n+ 1〉〈n|) . The expectation value of
this operator measures the rate of single photon transi-
tions within the apparatus. Now that we have a phase-
dependent observable, we can measure its value on some
quantum state and extract an estimate of the state’s
phase. (Note that any other phase-dependent Hermitian
operator could be used instead; however, some operators
give better phase estimation than others and are easier
to measure experimentally.)
Suppose the phase is measured using an interferometer,
with input to the system only at a single port. We can
consider several types of input, such as a coherent state
input (where the number of photons fluctuates about
some mean value N according to Poisson statistics), a
single Fock state (of fixed photon number N), or N sep-
arate measurements on a stream of single-photon states.
In each of these cases, the phase sensitivity (the mini-
mum uncertainty in the measured phase value) scales for
large N as 1√
N
. We can see this most easily by looking at
the case of N measurements of consecutive single photon
inputs.
Consider a photon entering port A in the Mach-
Zehnder interferometer of Figure 1. It can travel along
the lower path, reflecting off mirror M2, or it can travel
along the upper path, reflecting off M1 and gaining a
phase shift of φ. (We will neglect any phase shift due to
reflection at the beam splitter, since it can be absorbed
into the definition of φ.) We may denote the state leaving
the first beam splitter along the lower path by |L〉 and
the state leaving along the upper path by |U〉. (See the
appendix for an explanation of state vector notation.) Or
equivalently we could label these two states by the num-
ber of photons in the upper branch, so that |L〉 = |0〉
and |U〉 = |1〉. Then the state arriving at the second
beam splitter is |ψ〉 = 1√
2
(|0〉+ eiφ|1〉) . Since the pho-
ton number n never exceeds 1 anywhere for this state,
the operator Aˆ can be truncated to Aˆ = |0〉〈1| + |1〉〈0|.
Note that Aˆ picks out interference terms; when wedged
between two states, 〈ψ1|Aˆ|ψ2〉, it links the |0〉 component
of one state to the |1〉 component of the other. In fact,
3taking a basis of the form
|0〉 =
(
1
0
)
, |1〉 =
(
0
1
)
, (2)
this operator is simply the first Pauli spin matrix: Aˆ =
σx =
(
0 1
1 0
)
. It is therefore easily seen that Aˆ2 = I,
the identity operator. Taking the expectation value (the
mean value in the given state), we find
〈Aˆ〉 = 〈ψ|Aˆ|ψ〉 = cosφ, (3)
〈Aˆ2〉 = 〈ψ|Aˆ2|ψ〉 = 1. (4)
Therefore, the uncertainty in the measurement of Aˆ is
∆A =
√
〈Aˆ2〉 − 〈Aˆ〉2 =
√
(1− cos2 φ) = | sinφ|. (5)
If we repeat the experiment N times on an identical en-
semble of states, standard statistical theory tells us that
the uncertainty should be reduced by a factor of
√
N , so
that ∆A = | sinφ|√
N
. Our best estimate of φ is then the
value φ¯ = cos−1 〈Aˆ〉N , and the uncertainty in this phase
estimate is given by
∆φ =
∆A
|d〈Aˆ〉dφ |
=
√
N | sinφ|
N | sinφ| =
1√
N
. (6)
This is the standard quantum limit or shot noise limit.
In the case of single photon states being measured N
times, this uncertainty can be thought of as being due
to photonic shot noise or ”sorting noise”, the Poisson-
distributed random fluctuations of the photon number
in each arm of the apparatus due to the random choice
made by the beam splitter as to which way to send each
photon. If, instead of N single-photon states, the ex-
perimenter uses a single coherent state pulse with mean
photon number 〈Nˆ〉 = N , the result for the uncertainty is
the same, since the random fluctuations of photon num-
ber in the coherent state beam have the same Poisson
statistics as the sorting noise.
The derivation of the standard quantum limit above
assumed that the N photons used to obtain the esti-
mate were all acting independently. However, it is pos-
sible to send in states where the photons are entangled
(see appendix), so that the entire N -photon set is de-
scribed by a single joint quantum state. At any hor-
izontal position in Figure 1, let a quantum state with
n1 photons in the top branch and n2 photons in the
lower branch be denoted by |n1〉|n2〉, or more simply by
|n1, n2〉. Then imagine sending an entangled N -photon
state into the system; for example, a so-called NOON
state, 1√
2
(|N, 0〉+ |0, N〉) [35]. A two-photon NOON
state can be easily produced by means of the Hong-
Ou-Mandel effect [36]. N = 3 [6], N = 4 [7], and
N = 5 [37, 38] states have been produced using paramet-
ric down conversion followed by post-selection of states
M2
M2
BS2BS1
BS = 50/50 beam splitter = mirrorM
Input Output
C
DB
A
φ
FIG. 1: A Mach-Zehnder interferometer. Input at either of
the input ports (A or B) has two possible ways of reaching the
final beam splitter, BS2. Along the upper path, a phase shift
of φ is added. The second beam splitter makes it impossible
to determine which path was followed simply from looking at
the output at ports C and D. As a result, the amplitudes for
the both possibilities must be present, leading to interference
at the output ports.
with the desired form. After the first beam splitter and
the phase shift, the state reaching the second beam split-
ter is |ψN 〉 = 1√2
(|0, N〉+ eiNφ|N, 0〉) . Note that be-
cause of the entanglement, the phase shifts from the N
photons act collectively, giving a total phase shift Nφ to
one component of the entangled state. This is in con-
trast to the single-photon and separable N -photon cases
above, where each photon privately carried its own phase
shift, independently of what happened to the other pho-
tons. In place of the operator Aˆ above, an appropriate
measurement operator to extract this total phase shift is
now BˆN = |0, N〉〈N, 0| + |N, 0〉〈0, N |. It is straightfor-
ward to check that the expectation values and uncertain-
ties are given by
〈BˆN 〉 = 〈ψN |BˆN |ψN 〉 = cosNφ, (7)
〈Bˆ2N 〉 = 〈ψN |Bˆ2N |ψN 〉 = 1 (8)
∆BN = sinNφ (9)
∆φ =
1
N
. (10)
In other words, this entangled system can beat the stan-
dard quantum limit. It in fact saturates the Heisenberg
limit, the fundamental physical bound imposed by quan-
tum mechanics [39]. The use of NOON states to carry
out phase microscopy near the Heisenberg limit has been
experimentally demonstrated in [40].
We see that entanglement gives a 1√
N
advantage in
phase sensitivity over unentangled N -photon states. The
increase in oscillation frequency, signalled by the factor
of N inside the cosine in Equation 7 indicates super-
resolution as well. Although this improved phase mea-
surement ability has been demonstrated in the lab,
NOON states and other types of entangled photon states
are difficult to create for large N , so one prominent cur-
rent goal is to find ways to make such states more easily,
in order to allow their use in application settings outside
the lab.
The quality of the phase estimation is normally quan-
4tified by the uncertainty, as obtained from some observ-
able, as in Equation 10. In more complicated situa-
tions, such as imaging, the optimal uncertainty may be
obtained via information theoretic means through the
Cramer-Rao bound [41, 42]. Alternatively, the uncer-
tainty may not be used at all; instead, the quality of the
estimation may be measured by means of mutual infor-
mation [43, 44]. Bayesian analysis [45, 46] is sometimes
used to provide strategies for optimizing the estimation
strategy.
Other entangled N -photon states, such as those of
[47, 48] may be used. Some of these states give slightly
better sensitivity or are slightly more robust to noise, but
overall they give qualitatively similar results to those de-
rived from NOON states. For completeness, we should
mention that entangled states are not necessary to sur-
pass the standard quantum limit. For example, squeezed
states have been shown to be capable of achieving 1
N3/4
phase sensitivity [49]. However, up to this point only
entangled states seem to be capable of fully reaching
the Heisenberg bound. Also, it has been shown that
through a post-selection scheme [8] it is possible to pro-
duce super-resolution without the use of entangled illumi-
nation states (although super-sensitivity was not demon-
strated).
III. ANGULAR AND ROTATIONAL
MEASUREMENTS
A. Optical orbital angular momentum
In the last section, it was shown that phase measure-
ments could be made with entangled optical states that
exceed the standard quantum limit. It is natural to ask
if a similar improvement can be made in measurements
of other quantities. In this section we show that this can
be done for angular displacements [50]. This is done by
using states for which angular rotations lead to propor-
tional phase shifts; the super-sensitivity to phase then
leads to super-sensitivity to orientation angles. In this
subsection we introduce the idea of optical angular mo-
mentum, then look at its applications in the following
subsections.
It is well known that photons carry one unit of spin an-
gular momentum. This spin manifests itself as circular
polarization: left- and right-circularly polarized photons
have spin quantum numbers sz = ±1 along the propa-
gation axis, while linearly polarized photons are formed
from equal superpositions of the two spin states. It is
only in the past two decades that it has been widely rec-
ognized that in addition to this intrinsic spin angular
momentum a photon can also carry orbital angular mo-
mentum (OAM) Lˆ about its propagation axis [51]. A
number of excellent reviews of the subject exist, includ-
ing [52–54]. Here, we briefly summarize the basic facts.
For a photon to have nonzero OAM, its state must
have nontrivial spatial structure, such that the wave-
z
θ
S
Surface of constant phase
FIG. 2: Optical wavefronts with nonzero orbital angular mo-
mentum have corkscrew-shaped wavefronts. The Poynting
vector, S must be everywhere perpendicular to the wavefront,
so it rotates as the wave propagates along the z-axis.
fronts have azimuthally-dependent phases of the form
eiφ(θ) = eilθ. Here, θ is the angle about the z-axis and l
is a constant known as the topological charge. There are
several ways to imprint such phases onto a beam. The
most common are by means of spiral phase plates (plates
whose optical thickness varies azimuthally according to
∆z = lλθ2pi(n−1) for light of wavelength λ) [55], computer
generated holograms of forked diffraction gratings [56],
or spatial light modulators (SLM).
Since the angular momentum operator about the z axis
is Lˆz = −i~ ∂∂θ , the resulting wave has a z-component of
angular momentum given by Lz = l~, where ~ is Planck’s
constant. The fact that the wavefunction must be single
valued under rotations θ → θ+2pi forces l to be quantized
to integer values. The eilθ phase factor has the effect
of tilting the wavefronts, giving them a corkscrew shape
(Figure 2). The Poynting vector S = E ×H must be
perpendicular to the wavefront, so it is at a nonzero angle
to the propagation direction. S therefore rotates about
the axis as the wave propagates, leading to the existence
of nonzero orbital angular momentum.
The question of separating the angular momentum into
spin and orbital parts in a gauge-independent manner
is complicated for the general case [57–62], but as long
as we restrict to the transverse, propagating radiation
field in the paraxial region, the splitting is unambiguous
and OAM will be conserved in the the parametric down
conversion process discussed below.
Several different optical beam modes can carry OAM;
here, we focus on Laguerre-Gauss (LG) modes. (Other
possibilities include higher-order Bessel or Hermite-
Gauss modes.) The LG wavefunction, or spatial ampli-
tude function is [63]
ulp(r, z, θ) =
C
|l|
p
w(z)
(√
2r
w(z)
)|l|
e−r
2/w2(r)L|l|p
(
2r2
w2(r)
)
× e−ikr2z/(2(z2+z2R))e−iθl+i(2p+|l|+1) arctan(z/zR),(11)
5with normalization C
|l|
p =
√
2p!
pi(p+|l|)! and beam radius
w(z) = w0
√
1 + zzR at z. L
α
p(x) are the associated La-
guerre polynomials [64]. zr =
piw2
0
λ is the Rayleigh range,
w0 is the radius of the beam waist, and the arctangent
term is the Gouy phase familiar from Gaussian laser
beams. The index p characterizes the radial part of the
mode; the number of intensity nodes in the radial direc-
tion is p + 1. All LG modes (for l 6= 0) have a node at
the central axis, about which the optical vortex circu-
lates. For p > 1, additional nodes appear as dark rings,
concentric about the central axis. It is important to note
that not only macroscopic light beams, but even single
photons can have nontrivial spatial structure leading to
nonzero OAM.
Measurement of the OAM of a beam can be accom-
plished in a number of ways, including an interferomet-
ric arrangement that sorts different l values into different
outgoing spatial modes [65–67] and sorting by means of
q-plates [68] (devices which couple the OAM to the po-
larization), as well as by use of polarizing Sagnac interfer-
ometers [69], pinhole arrangements followed by Fourier-
transforming lenses [70], and specialized refractive ele-
ments [71–73]
As was mentioned earlier, the most common way to
produce entangled photons is via spontaneous paramet-
ric down conversion (SPDC) in a χ2 nonlinear crystal. In
this process, interactions with the crystal lattice cause a
high frequency photon from the incident beam (called
the pump beam) to split into two lower frequency pho-
tons (called, for historical reasons, the signal and idler).
The signal-idler pair is entangled in a number of differ-
ent variables, including energy, momentum, and polar-
ization. Our interest here, though, is in the fact that
they are entangled in OAM [74]. We will assume for sim-
plicity that the pump beam has no OAM, in which case
the signal and idler have equal and opposite values of
topological charge, ±l. The p values of the signal and
idler are unconstrained, but since the detectors are usu-
ally coupled via fibers that propagate only p = 0 modes,
we will restrict attention to the case where the outgoing
p values vanish. The output of the crystal may then be
expanded as a superposition of signal-idler states with
different OAM values. For the case we are considering,
this takes the form
∞∑
ls,li=−∞
Kls,li δ(ls + li) |ls, li〉 =
∞∑
ls=−∞
Kls,−ls |ls,−ls〉,
(12)
where ls, li are the OAM of the signal and idler. Explicit
expressions for the expansion coefficients Kls,li may be
found in [75–78].
B. Angular displacement measurement
In order to illustrate super-resolution in angular mea-
surement, consider a Dove prism. This is a prism (Figure
Input
Output
FIG. 3: Dove prism. Total internal reflection at the horizontal
surface causes images to be inverted vertically.
Pump
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Idler
θ
M1
M2
M2
M1
BS2BS1
BS = 50/50 beam splitter M = mirror
= detector =Dove Prism
= coincidence counter = nonlinear crystal
D DP
CC NLC
Da
CC
Db
DP
Entangled photon
source
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FIG. 4: Schematic of setup for super-resolution angular dis-
placement measurements using entangled OAM states. Spon-
taneous parametric down conversion in a nonlinear crystal (at
left) sends entangled photon pairs into a Mach-Zehnder inter-
ferometer (middle portion) which contains a Dove prism in
one arm. At the right, photodetectors are connected to a
coincidence circuit, so that an event is registered only when
both detectors fire within a short time window.
3) designed so that total internal reflection occurs on the
bottom surface. Because of this reflection, images are in-
verted in the vertical direction (the direction perpendicu-
lar to the largest prism face), without any corresponding
horizontal inversion. One interesting property of these
prisms is that if they are rotated by an angle θ about the
propagation axis, the image is rotated by 2θ. For well-
collimated light with a definite value of orbital angular
momentum, L = l~, the Dove prism reverses the angu-
lar momentum direction, while maintaining its absolute
value: l→ −l, assuming that the beam is not too tightly
focused [79].
Consider the setup shown in Figure 4 [50]. The Dove
prism is rotated by some unknown angle θ and the goal
is to measure θ as precisely as possible. As input, take a
pair of entangled photons, with signal and idler of topo-
logical quantum numbers +l and −l, respectively. The
state produced by the entangled light source will be of
the form of Equation 12, but insertion of appropriate fil-
ters can be used to block all except the ±l terms for some
fixed value of l:
|ψin〉 = 1√
2
(|l〉s| − l〉i + | − l〉s|l〉i) , (13)
6where s and i denote signal and idler, which we take to
enter the interferometer in the upper and lower branches
respectively. The effect of the components of the appara-
tus on the two-photon state can be traced through to find
the output state, |ψout〉. The rate of detection events for
which value l arrives one detector and value −l arrives
the other is then the expectation value of the operator
Rˆ = |+ l〉Db | − l〉Da ·Da 〈+l|Db〈−l| (14)
+| − l〉Db |+ l〉Da ·Da 〈−l|Db〈+l|.
We find the expectation values
〈Rˆ〉 = 〈ψout|Rˆ|ψout〉 = cos2(2lθ), (15)
〈Rˆ2〉 = 〈ψout|Rˆ2|ψout〉 = cos2(2lθ), (16)
so that the uncertainty in Rˆ is
∆Rˆ =
√
〈Rˆ2〉 − 〈Rˆ〉2 = cos(2lθ) sin(2lθ) = 1
2
sin(4lθ).
(17)
We may then extract an estimate of the angular displace-
ment from the value of 〈Rˆ〉. The resulting estimate will
have uncertainty
∆θ =
∆Rˆ
|∂〈Rˆ〉∂θ |
. (18)
This whole procedure can be generalized from two to
N entangled photons. In an identical manner it can be
shown that the phase sensitivity is now given by
∆θ =
1
2Nl
. (19)
This should compared to the case when an ensemble of
N independent photons are measured with the same ap-
paratus:
∆θSQL =
1
2
√
Nl
. (20)
We not only see once again that the entanglement allows
the sensitivity to be reduced by a factor of
√
N beyond
the case standard quantum limit, but further improve-
ments can be made to the angular sensitivity by using
states of higher angular momentum. The angular reso-
lution can also exceed the classical limit, with the argu-
ment of the oscillatory term in 〈Rˆ〉 being proportional to
Nlθ. Such high precision measurement of rotations may
ultimately be useful in nanotechnology applications.
C. Image reconstruction and object identification
An additional set of OAM-based approaches illustrates
the idea that single photon states can be chosen specifi-
cally to suit the type of measurement that will be made
with them. The Laguerre-Gauss modes ulp(r, z, θ) form a
complete set, meaning that any two-dimensional function
can be built as a linear combination of them: f(r, θ) =∑
l,p alpulp(r, z, θ), for some set of coefficients alp. This
fact leads to the idea of digital spiral imaging [80–82].
This is a form of angular momentum spectroscopy in
which a beam of known OAM is used to illuminate an
object, and then the spectrum of outgoing OAM values
is measured after reflection or transmission from the ob-
ject. This allows the evaluation of the squared coefficients
|alp|2 of the object’s reflection or transmission profile,
and reveals a great deal of information about the object
structure. In this manner, the object could be identi-
fied from a known set, or its difference from some desired
shape could be quantified. This approach has two advan-
tages: first, for simple objects where only a small number
of coefficients are large, the OAM spectrum can be de-
termined to good accuracy with a small number of pho-
tons. Second, rotating the object only adds a constant
phase factor to all the amplitudes, leaving the intensities
of the outgoing components unchanged. This means that
the spatial orientation of the object does not need to be
known, and that the object can still be easily identified
even if it is rapidly rotating [83]. Measurement of the
OAM spectrum also allows for rapid experimental de-
termination of the rotational symmetries of an unknown
object [84, 85]. These facts could make this approach
ideal for a number of applications, such as (i) looking for
sickle cells, cancer cells, or other irregularly-shaped cells
in a moving bloodstream, (ii) rapidly scanning for defects
in parts on an assembly line, or (iii) identifying defects
in rapidly spinning objects, such as a rotor blade.
One goal of this approach is to ultimately be able to
reconstruct the image from the OAM spectrum alone.
Two problems must be addressed in order to do this.
The first is that measuring the intensities of the outgo-
ing OAM intensity components is not sufficient for im-
age reconstruction: the coefficients alm are complex, so
that their relative phases must be determined as well.
This, fortunately, can once again be done by means of
an interferometric arrangement such as that of Figure
1 [83–85]; this method has been called correlated spiral
imaging. The second problem is that current technology
does not easily allow terms with nonzero p values to be
measured efficiently at the single photon level. So even
though the angular structure of the object can be recon-
structed, nontrivial radial structure is difficult to detect
in this manner. This will likely be remedied over time as
improved detection methods are developed.
Digital and correlated spiral imaging do not require
entanglement for their basic functioning. However, it is
clear that N -photon entangled states would once again
allow these approaches to exceed the classical limits on
resolution and sensitivity in the same manner as the other
methods described in the earlier sections. In particular,
angular oscillation frequencies would again be increased
by a factor of N as in the previous subsection, allow-
ing the same improvement in sensitivity and resolution
of small angular structures. In this way, super-resolved
7imaging could in principle be carried out entirely by
OAM measurements.
D. Rotational measurements
Since measurements with OAM are being discussed,
one more related type of measurement can be mentioned,
even though it does not require entanglement or low pho-
ton numbers. Optical orbital angular momentum states
can also be used to measure rotation rates [86–90]. Imag-
ine two photons of opposite OAM ±l reflecting off the
surface of a rotating object. Let ω be the photon fre-
quency and Ω be the rotational frequency of the object.
The two reflected photons will experience equal and op-
posite Doppler shifts: ω → ω ± lΩ. If the two reflected
photons are allowed to interfere, the combined intensity
will therefore exhibit a beat frequency of 2lΩ. If l is
large, then precise measurements can be made of even
very small values of Ω.
IV. FREQUENCY, POLARIZATION, AND
DISPERSION
Here, we briefly mention several other applications,
taking a similar approach to those discussed in the earlier
sections.
A. Frequency Measurement
The Ramsey interferometer, used to measure atomic
transition frequencies, is formally equivalent to a Mach-
Zehnder interferometer. A schematic of the Ramsey in-
terferometer is shown in Figure 5. A pi2 pulse is used to
put an incoming atom into a superposition of the ground
and excited states; this is analogous to the first beam
splitter in the Mach-Zehnder case, which puts a photon
into a superposition of two different paths. The two en-
ergy states gain different phase shifts under free propa-
gation for a fixed time, so that when they are returned
to the same state again, they will produce an interfer-
ence pattern as the time between the two pulses is var-
ied. The relative phase shift is ∆E t
~
= ωt, where ∆E
and ω are the energy difference and emitted photon fre-
quency of the levels, ~ is Planck’s constant, and t is the
time between the two pulses. As a result, the interfer-
ence pattern allows determination of the frequencies in
a manner exactly analogous to the phase determination
in a Mach-Zehnder interferometer. The formal analogy
between the Mach-Zehnder and Ramsey interferometers
(as well as with quantum computer circuits) has been
referred to as the quantum Rosetta stone [17, 91], as it
allows ideas from one area to be translated directly into
the other.
Because of the exact mathematical equivalence be-
tween the two interferometers, it follows immediately
pi/2
pulse
pi/2
pulse
Red: Excited state
Ground stateGreen:
φ
FIG. 5: Schematic of a Ramsey interferometer. The first
pulse puts the ground state input into a superpositions of
ground and excited states. Free propagation causes the two
terms in the superposition to differ in phase by an amount φ
proportional to the transition frequency.
that the use of entangled atomic states as input to the
Ramsey interferometer should allow super-sensitive mea-
surements of frequency, with the uncertainty scaling as 1N
as the number N of entangled atoms increases [92, 93].
In a similar manner, Heisenberg-limited resolution can
be achieved in optical and atomic gyroscopes, which are
also based on Mach-Zehnder interferometry [94].
B. Dispersion
Dispersion, the differential propagation speed of dif-
ferent states of light, must be taken into account to very
high precision in modern optical telecommunication sys-
tems, in long-range stand-off sensing, and in many other
areas. Here, we briefly mention several related quantum
approaches to the measurement and cancelation of dis-
persion.
Chromatic dispersion effects can be described by con-
sidering the wavenumber k to be a function of frequency:
k(ω). In a dispersive medium, k will be a nonlinear func-
tion of ω, causing different frequencies to propagate at
different speeds. This leads to broadening of wave pack-
ets as they propagate, reducing the resolution of mea-
surements made with those packets. Expanding k(ω) in
a Taylor series, it can be divided into terms that are
even-order and terms of odd-order in frequency. It was
found in the early 1990’s that the use of an entangled light
source combined with coincidence counting can cause the
even order terms to cancel; among other things, this
means that the largest contribution to the broadening
(the second-order group delay term), will be absent. Un-
like the applications in the previous section, this method
does not require simultaneous entanglement of a large
number N of photons: it only requires two photons to
be entangled at a time, and so can be easily carried out
with standard down conversion sources. These sources
naturally produce photon pairs with frequencies ω0±∆ω
displaced by equal amounts about the central frequency,
ω0. (ω0 is half the pump frequency.) The two photons
8are in fact entangled in the frequency variable: it is not
predetermined which photon has the higher frequency
and which has the lower, so both possibilities have to be
superposed,
|ψ〉 = 1√
2
(|ω0 +∆ω〉signal|ω0 −∆ω〉idler (21)
+ |ω0 −∆ω〉signal|ω0 +∆ω〉idler) .
For even-order dispersion cancelation, the essential
idea is make the photons interfere in such a way that the
two opposite-signed frequency displacements add, caus-
ing the even powers in the expansion to cancel. There are
two ways to do this. The Steinberg-Kwiat-Chaio (SKC)
method [95, 96] puts the dispersive material into one
arm of a Mach-Zehnder interferometer, sends the entan-
gled photons into the system at one end, and then mea-
sures coincidence counts in the two output ports at the
other end. The Franson method [97], on the other hand
sends the two photons into two materials with opposite-
dispersion, looking again at coincidence counts at the
output. Either way, the second order pulse-broadening
terms are absent.
It has since been shown that the SKC method can be
reproduced with classical light sources (no entanglement)
[98, 99], but the Franson method seems to truly require
entanglement. It has also been shown [100] that by con-
catenating two successive interferometers (one Hong-Ou-
Mandel interferometer [36] and one Mach-Zehnder), more
complicated manipulations of the even- and odd-order
frequency dispersion terms can be carried out, such as
canceling the odd-order terms or causing even-order and
odd-order cancelation to occur simultaneously in differ-
ent parts of an interferogram.
Optical coherence tomography (OCT) is a well-known
interferometric method for detecting and mapping sub-
surface structures in biological samples. It makes use
of first-order amplitude-amplitude correlations. Quan-
tum optical coherence tomography (QOCT) [101–103] is
a similar method that makes use of entangled photon
sources and second-order intensity-intensity correlations.
QOCT has greatly improved resolution due to the dis-
persion cancelation described above. The main difficulty
with the method is that it is very slow due to the need
for individual pairs of entangled photons. Several vari-
ations [98, 99, 104–106] have been proposed that mimic
the dispersion-canceling effect of QOCT to varying de-
grees using classical light sources, including an experi-
mental demonstration of dispersion-cancelled OCT with
a 15-fold reduction in the broadening of the interference
peaks [107].
In addition to chromatic dispersion, optical pulses
can also exhibit polarization mode dispersion (PMD) in
which components of an optical pulse with different po-
larizations travel at different speeds. With the exten-
sive use of reconfigurable optical add-drop multiplexer
(ROADM) systems in modern fiber optics networks it has
become essential to be able to characterize the PMD of
small components such as wavelength selective switches
to very high levels of precision. Quantum interferomet-
ric methods similar to those used for chromatic disper-
sion cancelation have also been shown to allow ultra-high
precision PMD measurements [19, 20, 108, 109], beyond
those possible using interferometry with classical states
of light. In particular, the apparatus of [19] has been
demonstrated to produce time delay measurements with
sensitivities as low as the attosecond (10−18 s) level [20]
as a result of even-order dispersion cancelation; this was
the first demonstration of a quantum metrology appli-
cation implemented on an industrial commercial device.
The apparatus for super-resolved PMD measurement is
once again conceptually similar to the interferometers of
Figures 1, expect that now the first beam splitter sends
different polarizations into different spatial modes, the
phase shift in one arm is introduced by dispersion, and
the two polarizations are mixed at the end by diagonally-
oriented polarizers instead of by a second beam splitter.
C. Quantum Lithography
Although not a sensing or measuring application, one
other topic should be mentioned which is closely related
to the subjects of this paper. That is the idea of quantum
lithography [35, 110–112], in which entangled states such
as NOON states are used to write subwavelength struc-
tures onto a substrate. This again is due to the fact that
the N -photon entangled state oscillates N times faster
than the single-photon state, or equivalently, that the ef-
fective wavelength of the system is reduced from λ to λ√
N
.
The method holds great promise, in principle, for use in
fabricating more compact microchips and for other nan-
otechnology applications. However, practical application
of the idea is again currently hampered by the difficulty
of creating high N entangled states on demand. More-
over, recent work [113] has shown that the efficiency of
the process is low for small values of N .
V. CONCLUSIONS
The methods of quantum sensing described in this re-
view (use of entangled states, choosing single-photon or
multi-photon states that are tailored to optimize the de-
sired measurement, and use of intensity-intensity corre-
lations), in principle allow great advantages over classical
methods. The current challenges involve overcoming the
limitations that arise in real-life practice. Chief among
these challenges are:
• Producing high-quality entangled states with N > 2
photons is very difficult to arrange, and the efficiencies
of current methods are extremely low.
• For more sophisticated OAM-based applications, op-
tical fibers that propagate multiple l values and an effec-
tive means of measuring the radial p quantum number
are needed.
9• NOON states are fragile against loss and noise [48],
so they are not suitable for use in noisy real-world en-
vironments. However, methods have been developed to
find other states with more robust entanglement [48, 114–
116]. Some of these states have been shown to beat
the standard quantum limit, and there is hope for ulti-
mately finding states that strongly approach the Heisen-
berg limit in lossy and noisy environments.
If these technical challenges can be met, quantum mea-
surement methods will be ready to move from the lab-
oratory to the real world, opening a wide range of new
applications and improved measurement capabilities.
Appendix: Brief Review of Quantum Mechanics
As the size scales involved in a measurement or as the
number of particles involved becomes small, the laws of
classical physics break down and the formalism of quan-
tum mechanics must be taken into account. There are
many detailed introductions to quantum mechanics from
various points of view (for example [117–119]). Here, we
give just the few minimal facts needed for this review.
The state of a particle (or more generally, of any quan-
tum system) is described by a vector in a complex space,
known as a Hilbert space. In Dirac notation, these vec-
tors are written as |ψ〉, |φ〉, etc., where ψ, φ, are just
labels for the states. One particularly useful example is
the Fock state |n〉, which contains exactly n photons. The
operators aˆ† and aˆ, known as creation and annihilation
operators, raise and lower the number of photons in the
Fock state: aˆ†|n〉 = √n+ 1|n+1〉, and aˆ|n〉 = √n|n−1〉.
The number operator, Nˆ = aˆ†aˆ, counts the number of
photons in the state: Nˆ |n〉 = n|n〉.
To each vector |ψ〉 there is associated a correspond-
ing dual or conjugate vector 〈ψ|. This dual vector is
the Hermitian conjugate (the complex transpose) of the
original vector. So, for example, if |ψ〉 is described by a
column vector with components ψ1, ψ2, . . . , then 〈ψ| is a
row vector with components ψ∗1 , ψ
∗
2 , . . . :
|ψ〉 =
 ψ1ψ2
. . .
 ↔ 〈ψ| = (ψ∗1 ψ∗2 . . . ) . (22)
Inner products are defined between bras and kets:
〈φ|ψ〉 = φ∗1ψ1 + φ∗2ψ2 + φ∗3ψ3 + . . . . All vectors are usu-
ally assumed to be normalized: 〈ψ|ψ〉 = 1. Inner prod-
ucts such as |φ〉〈ψ| act as operators that project state |ψ〉
onto the direction parallel to state |φ〉.
One of the defining properties of quantum mechanics is
that it is a linear theory: the dynamics are defined by the
Schro¨dinger equation, a linear second-order partial differ-
ential equation. As a result of this linearity, quantum sys-
tems obey the superposition principle: any two possible
states of a system, say |ψ〉 and |φ〉 can be added to get an-
other allowed state of the system: |Φ〉 = 1√
2
(|ψ〉+ |φ〉),
where the 1√
2
is included to maintain normalization. If
|ψ〉 and |φ〉 are not orthogonal to each other, 〈φ|ψ〉 6= 0,
then the two terms in the superposition may interfere
with each other, leading to many uniquely quantum phe-
nomena.
Suppose a pair of particles, A and B, together form
a composite system, C. If A is in state |ψ〉 and B
is in state |φ〉, then the composite system is in state
|Ψ〉C = |ψ〉A|φ〉B , where the subscripts are used to in-
dicate which system is in which state. Such a state is
called a product state or a separable state. Often, how-
ever, the state of the composite system is known while
the states of the individual subsystems are not; in that
case, all the possibilities consistent with the available in-
formation have to be superposed, as for example in the
state: |Φ〉C = 1√2 (|ψ〉A|φ〉B + |φ〉A|ψ〉B). The two pos-
sibilities (A in state |ψ〉 with B in state |φ〉, versus A
in state |φ〉 with B in state |ψ〉), can be thought of as
both existing simultaneously. Such a state, which cannot
be factored into a single well-defined state for A and a
state for B is called entangled. An example is the case
where two photons arrive at a beam splitter: both can
exit out one output port, both can exit at the other out-
put port, or there are two ways in which the two photons
can exit at different ports. If the locations of the outgo-
ing photons are not measured, then there is no way to
distinguish between the possibilities and they must all be
included: the state of the full system is therefore an en-
tangled state formed by the superposition of all four pos-
sibilities. If a measurement is made that determines the
states of one of the subsystems, then the entangled state
collapses to a product state, and the state of the second
subsystem is also therefore known. For example if parti-
cle A is measured and found to be in state ψ, then the
collapse |Φ〉C = 1√2 (|ψ〉A|φ〉B + |φ〉A|ψ〉B) → |ψ〉A|φ〉B
occurs. After the collapse, we know that B must now
be in state φ. It is important to point out that the sub-
systems were not in definite states |ψ〉A and |φ〉B before
the measurement, but that their prior states as individ-
uals did not even exist. It can be shown that the con-
trary assumption of prior existence of definite states for
each subsystem before measurement leads to contradic-
tions with experiment, as demonstrated by the violation
of Bell and CHSH inequalities [13, 14, 120–122]. The fact
that entangled subsystems do not exist in definite states
before measurement is one of the odder and more non-
intuitive aspects of quantum mechanics, but is extremely
well verified experimentally.
The most common way to produce entangled pairs of
photons is via spontaneous parametric down conversion
(SPDC) [10], in which nonlinear interactions in a crys-
tal mediate the conversion of an incoming photon (the
pump) into two lower energy outgoing photons (the sig-
nal and idler). Only a tiny fraction of the incoming pump
photons undergo down conversion (typically on the order
of one in 106), but SPDC is very versatile in the sense
that the down converted photons can be entangled in
multiple different variables (frequency, time, angular mo-
mentum, linear momentum, and polarization), and the
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properties of the entangled pairs can be finely tuned by
proper choice of parameters for the nonlinear crystal and
the laser beam pump. Other sources, such as quantum
dots, atomic cascades, and specially designed nonlinear
optical fibers also exist; see [123] for a review.
Operators are mathematical objects that perform ac-
tions on states; these operators can include, for example,
matrices and derivatives. Quantities that can be physi-
cally measured, such as energy and angular momentum,
are eigenvalues of Hermitian operators (operators which
equal their Hermitian conjugate). Two operators Aˆ and
Bˆ which do not commute, [Aˆ, Bˆ] ≡ AˆBˆ − BˆAˆ 6= 0, obey
an uncertainty relation: if a and b are the variables as-
sociated to the two operators, then there is a minimum
value to the product of their uncertainties: ∆a∆b must
exceed a minimum quantity proportional to the commu-
tator [Aˆ, Bˆ]. The most famous example is between posi-
tion (x) and momentum (p). x and p form a conjugate
pair, obeying the so-called canonical commutation rela-
tions: [xˆ, pˆ] = i~, where ~ is Planck’s constant. As a
result, we find the Heisenberg uncertainty relation
∆x∆p ≥ ~
2
. (23)
Energy and time obey a similar relation,
∆E∆t ≥ ~
2
. (24)
These uncertainty relations provide the ultimate fun-
damental physical limit to all measurements, and are the
basis of the Heisenberg limit given in the main text.
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